INTRODUCTION
w x Introduced by Chang in 2, 3 , MV-algebras are the models of the w equational theory of magnitudes with a distinguished archimedean unit 1, x pp. 106᎐107 , in a sense that will be made precise by Theorem 1.4 below. w x w x The monograph 5 , as well as the survey paper 4 , provide all the necessary background information. The prototypical MV-algebra is given w x by the real unit interval 0, 1 equipped with the operations ! x s 1 y x, x [ y s min 1, x q y , x᭪ y s max 0, x q y y 1 .
MV-algebras are the algebras satisfying precisely the same equations that w x w are satisfied by 0, 1 . Equivalently, by Chang's completeness theorem 2, We say that MV-algebra A is -complete iff its underlying lattice is -complete, i.e., every nonempty countable subset of A has a supremum in A. Ideals are kernels of homomorphisms. Unless otherwise specified, every ideal I of an MV-algebra A considered in this paper shall be assumed to be proper, i.e., I / A. An ideal I is said to be maximal iff there is no ideal Ž . of A strictly containing I other than the improper ideal A . Thus, Ž . maximal ideals are automatically proper. We let M M A denote the set of all maximal ideals of A. Since I is maximal iff it is maximal for the property of not containing the unit element 1, we easily conclude that
The following result is an MV-algebraic variant of Holder's theorem w x 1, 2.6, 12.2.1 . 
Ž .
For any compact Hausdorff space X, let us agree to denote by C X the w x MV-algebra of all continuous 0, 1 -valued functions on X with pointwise Ž . w x X operations as in 1 ; let, as usual, 0, 1 denote the MV-algebra of all w x 0, 1 -valued functions on X. In the light of Theorem 1.1, let the map w x X a g A ¬ a* g 0, 1 be defined by
Ž .
I I
The following theorem gives a concrete representation of semisimple MV-algebras; its proof is a fundamental consequence of Chang's completeness theorem. We assume familiarity with lattice-ordered abelian groups, for short w x l l-groups, for which we refer to 1 . For any l l-group G, an element u g G is said to be a strong unit of G iff for all g g G there is an integer n G 1 Ž . Ž . such that nu G g. By a morphism : G, u ª GЈ, uЈ we mean a group homomorphism : G ª GЈ that also preserves the lattice structure and Ž . satisfies the condition u s uЈ.
For any l l-group G with a strong unit u, let ⌫ G, u be
faithful, dense functor from l l-groups with strong unit to MV-algebras.
Ž .
iii The lattice operations on A agree with those of G. 
Thus, in particular, up to isomorphism, every MV-algebra A can be identified with the unit interval of a unique l l-group G with strong unit u; in symbols,
We say that G is the l l-group with strong unit u corresponding to A.
As an application of the ⌫ functor we have the following. PROPOSITION 1. 5 . An MV-algebra is -complete iff e¨ery bounded sequence of elements in its corresponding l l-group G, has a supremum in G.
Any -complete MV-algebra A is semisimple.
Proof. The first statement follows from the preservation properties of w x the ⌫ functor 9, Proposition 9. 4.3 . The second statement now immedi-Ž w ately follows from its counterpart for l l-groups see, e.g., 1, Proposition 11.2.2 , in the light of Theorem 1.4 iv .
BIMORPHISMS OF MV-ALGEBRAS
Ž Let A and B be MV-algebras, and A = B be their cartesian product as . a set .
To increase readability, we shall adopt the usual convention that ! is more binding than ᭪ , the latter being more binding than [. We also assume that the lattice operations k and n are less binding than any w x other operation. Following Chang 2 , in every MV-algebra A we define 
From 6 and 8 together with the inequalities
Ž . Finally, to prove iii let us write
as required.
For every element w in an MV-algebra A, the inter¨al MV-algebra Žw 
Proof. This is essentially the content of Proposition 2. 
Ž . maximal ideals I g M M A and J g M M B such that, for all a g A and
␤ ␤ b g B, ␤ a, b s a I и b J , Ž . Ž . Ž . ␤ ␤ Ž . where и denotes natural pointwise multiplication. The function ␤ ¬ I , J is ␤ ␤ Ž w x. Ž . Ž . a one-to-one correspondence of bim A, B, 0, 1 onto M M A = M M B .
Ž .

Also write
Ž . trary maximal ideal in the nonempty set M M A will do. In case w / 0, by Holder's theorem there is a real number m such that the map : can write
and symmetrically, 
Then by 12 and 14 , there is an ideal
The claim is settled. The dependence of I and J on ␤ is understood. 1 1 Thus, upon defining I s I and J s J , the first statement is proved. To
conclude the proof, it is sufficient to note that injectivity follows from A and B being separating subalgebras. To prove surjectivity, one notes that Ž . Chang's distance function 4 :
and for all c , c g B with c ᭪c s 0, 
MV MV
Proof. The freeness properties of F yield a homomorphism : F ª C such that ( s ␤. This is the uniquely determined homomorphism that Ž . Ž . sends each generator a, b of F into the element ␤ a, b of C. Since ␤ is bilinear, sends each generator of I into the zero element of C; in Ž . symbols, Ker = I. Let be the quotient map of F onto FrI. Then we get a homomorphism : FrI ª C, also uniquely determined, such that ( s . We have a commutative diagram 
For more complex applications, the m -tensor product is not easy to MV visualize. One main source of difficulty is given by the following phenomenon. Claim 1: G is not semisimple. As a matter of fact, let x and y be the w x 2 Ž . two identity functions over 0, 1 . The germ of x at , is a member Ž . of G, and so is the germ of y at , . Therefore, the free product MVw x algebra A@ A is a subalgebra of G. By 8, Corollary 4.4 
THE SEMISIMPLE TENSOR PRODUCT
The following is a generalization of Definition 3.1.
DEFINITION 4.1. Let K be a class of MV-algebras, and A, B g K. Then a bimorphism ␤ of A = B into an MV-algera C is said to be K-uni¨ersal Ž . iff C g K and for all CЈ g K and ␤ Ј g bim A, B, CЈ , there is a unique homomorphism : C ª CЈ such that ␤ Ј s ( ␤.
Throughout the rest of this paper we shall restrict attention to the case when K is the class of semisimple MV-algebras. We first construct the semisimple tensor product, as follows. 
Construction. Given semisimple MV-algebras
Ž . Ž . Ž .
H w x The composite map ( m is a bimorphism of A = B into 0, 1 . By
the fact that the range of m generates A m B we can write 
MULTIPLICATIVE MV-ALGEBRAS
Construction. Let A be a semisimple MV-algebra. The flip automor- 
The flip automorphism of A* m*A* canonically induces a flip homeomor- 
Ž . Recalling from Corollary 4.4 i that
Ž . Let the map ⑀ : A* ª A* m*A*°⌬ be defined by stipulating that, for Ž . Ž . Ž . all a* g A*, ⑀ a* s a* m*1°⌬. In other words, for all I, I g ⌬,
Then ⑀ is a homomorphism, and we have a commutative diagram
of the commutative diagrams 18 , 19 , 24 , let us define the operation >: Ž .
Then ଙ has the following properties:
where и is pointwise multiplication;
ii ଙ is commutati¨e, associati¨e, has neutral element 1, and is a bimorphism of A = A into A. Thus, for all a, b, c g A, aଙ0 s 0, and ଙ distributes o¨er the lattice operations of A in the following sense:
For all a, b g A with a᭪b s 0, we ha¨e
Ž .
Proof. i Consider the following commutative diagram, as given by Corollary 4.4 and the assumption that A is multiplicative:
Ž . Remark. Our analysis of tensor products in semisimple MV-algebras allows an intrinsic, representation-free formulation of the intuitive notion of A being ''closed under multiplication.'' This fact may be of help in further investigations of intrinsic multiplication operations in classes of nonsemisimple MV-algebrasᎏe.g., the MV-algebras arising from a nonw x standard model of the multiplicative algebra 0, 1 .
THE MV-ALGEBRAIC LOOMIS᎐SIKORSKI THEOREM w x
In this section, we assume familiarity with the spectral topology 1 , and w x states 6 of l l-groups. Let A be a -complete MV-algebra, and let G be its corresponding l l-group with strong unit u, as given by Theorem 1.4.
Then by Proposition 1.5, A is semisimple, and by Proposition 1.5, every bounded sequence of elements of G has a supremum in G: for short, w x following 6 , G is Dedekind -complete. For every maximal ideal J of A, the quotient MV-algebra ArJ is canonically identified with a subalgebra w x of 0, 1 , in the light of Theorem 1.1. We say that J is discrete iff ArJ is finite. Similarly, a maximal l l-ideal I of G is said to be discrete iff the Ž .
quotient l l-group GrI is cyclic. In the light of Theorem 1.4 iv , it is easy to morphism Ѩ S G, u ( Maxspec G , we obtain that the l l-isomorphism e G ( B is generated by the map a ¬ a*. Thus, by Theorem 1.4, the map a ¬ a* coincides with the isomorphism °A of A onto the subalgebra E Ž . w x of C X given by the 0, 1 -valued functions of B. By Proposition 1.5, both Ž .
Ž h . Ž . C X s ⌫ G , 1 and E s ⌫ B, 1 are -complete. Since countable suprema are preserved by the map , and B is large in G h , then, going back to MV-algebras, preservation of countable suprema is a consequence Ž . Ž . of Theorem 1.4 iii ᎐ iv .
By a -field of sets over a nonempty set X we mean a -complete Ä 4 boolean algebra of 0, 1 -valued functions over X, where countable suprema Ž are given by pointwise sups. This is equivalent to the usual definition see, w x. w x e.g., 10 . Similarly, following 9, 8.1.1 , by a tribe over X we mean an w x MV-algebra F F of 0, 1 -valued functions on X such that, for each sequence f , f , . . . g F F, the pointwise supremum f s sup f also belongs to F F. 1 
i i
Thus, in particular, in every tribe F F we have
ii whenever f g F F, then ! f s 1 y f g F F;
where it is understood that 1 n ϱ s 1. Note that F F is a -complete MV-algebra. On the other hand, not every -complete MV-algebra is Ž isomorphic to a tribe already a -complete boolean algebra need not be . isomorphic to a -field of sets .
Let A be a -complete MV-algebra. Then a homomorphism : F F ª A is said to be a -homomorphism iff for each sequence f , f , f . . . g F F, Proof. As in the proof of the previous lemma, the preservation proper-Ž Ž .. w x ties of the ⌫ functor 1.4 iv , together with 6, Corollary 9.10 , ensure that w x Ž . X is basically disconnected, and by 6, Corollary 9.3 , C X is -complete. By Lemma 6.1, we can safely identify A with a -complete and separating Ž . subalgebra of C X . While countable suprema in A need not coincide with pointwise suprema of functions, the proof of Lemma 6.1 has shown Ž . Ž . that all existing suprema in A : C X are preserved in C X . For any w x function f : X ª 0, 1 , let us agree to say that f coincides almost e¨ery-where with a continuous function g g A, in symbols, f f g, iff the set
